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Transport equations and boundary conditions for spatial distribution of age
moments in steady continuous flows are derived. Mean age is the first moment. The
coefficient of variation is obtained from the second moment. Mixing-cup averaged
mean age and higher moments across the exit plane are identical to the corresponding
moments of the residence-time distribution. Numerical solutions for a 2-D (two-dimen-
sional) reactor are studied and compared with those from a transient tracer equation.
Agreement is excellent. Local tracer distribution function curves reveal that mean age
is located on the long tail for both convection dominated short circuiting paths and
diffusion dominated dead zones. Computing cost for the mean age and higher moment
equations is orders of magnitude lower than that for the transient tracer concentration
equation, making this mean age method an efficient tool to study mixing in steady
continuous flow systems. VVC 2010 American Institute of Chemical Engineers AIChE J, 56:

2561–2572, 2010
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Introduction

Residence time distribution (RTD) is a useful indicator of
mixing behavior in continuous flow process equipment.1,2,3

Cumulative distribution functions F(t) and differential distri-
bution or frequency functions f(t) are typically used to repre-
sent RTD, with F(t) being the fraction of fluid exiting a ves-
sel with residence time less than or equal to t and f(t)dt
being the fraction of fluid exiting with residence time
between t and tþdt. For steady incompressible flows, these
distribution functions may be obtained by measuring exit
concentration response to prescribed tracer inputs. An ideal
tracer is one which does not alter the velocity distribution,
and has diffusivity equal to the self-diffusivity of the bulk
fluid. The most widely used tracer input functions are Dirac
delta (pulse) and step functions. For pulse input, the distribu-
tions may be obtained from the exit concentration response
Cout(t). More precisely, the exit concentration Cout(t) is the

mixing cup (flow-weighted) average concentration across the
exit plane

F ¼
R t
0
Coutdt

0R1
0

Coutdt
¼

Z t

0

fdt0 (1)

f ¼ CoutR1
0

Coutdt
¼ dF

dt
(2)

The F curve may also be obtained directly from the exit
concentration response to a step-function input of tracer. In
addition to the requirements of steady incompressible flow,
these relations also require the system to be closed. A closed
system is one with no backflow, diffusion or dispersion of
tracer through inlet and outlet surfaces. The term ‘‘E-curve’’
or E(t) is also in common use for f(t).

The mean residence time is the first moment of f

�t ¼
R1
0

tCoutdtR1
0

Coutdt
¼

Z1
0

tfdt (3)
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Danckwerts4 is widely credited for the groundwork for
RTD theory, although some work had been published earlier
(Gilliland and Mason5). While a detailed discussion of RTD
theory can be found in the research literature, as well as in
chemical engineering textbooks, applications of the method
to industrial equipment is not routine because of the diffi-
culty of carrying out accurate tracer response experiments.

When the RTD deviates excessively from desired ideals
such as those for plug flow or perfect backmixing, adverse
effects may occur. Poor yield or selectivity in chemical reac-
tors, degradation or gel formation in polymer processing,
NOx formation in furnaces, and inadequate interfacial mass
or heat transfer are just a few examples. Knowledge of the
RTD can provide useful insight into the mixing performance
of equipment, but there are well known shortcomings. For
example, two reactor configurations with identical RTD can
produce different conversion of a reaction with nonlinear
kinetics.6,7 In one case a plug flow section is followed by a
perfectly backmixed (CSTR) section. In the other, the sec-
tions are reversed. They will have the same RTD but differ-
ent conversion. Thus, it is often stated that RTD cannot dis-
tinguish ‘‘early mixing’’ from ‘‘late mixing’’. It may be
more strongly stated that RTD provides no information in
regard to the spatial distribution of mixing. The shape of the
RTD may suggest the presence of dead zones or short-
circuiting, but this is largely guesswork, and the location of
such regions cannot be determined from the RTD. This moti-
vates the need to understand the spatial distribution of age
within the vessel, and not just the exit age.

Over the past two decades, the use of computational fluid
dynamics (CFD) to determine residence time distribution has
become reasonably well established as an alternative to
physical tracer experiments. Two CFD methods have been
employed. One is to inject a large number of passive tracer
particles into the flow, follow them by Lagrangian particle
tracking, and collect their exit time statistics. Another is to
simulate the chemical tracer experiment, solving the tran-
sient tracer species concentration transport equation. Both
require use of time-dependent solvers. Small time step sizes
in applying such time-dependent solvers are critical to the
accuracy of the results, while long simulation times are
needed to capture the long-time tail of the distribution. This
often results in long computation time, even for a steady
flow. Frequently Lagrangian particle tracking RTD computa-
tions fail to capture the effects of turbulent diffusion.

Usually, the term ‘‘residence time’’ is reserved for mole-
cules exiting the vessel, giving the elapsed time since they
entered. The term ‘‘age’’ is reserved to describe the elapsed
time since entrance of molecules still in the vessel. When a
molecule reaches the exit, its age equals the residence time.
Danckwerts4 introduced the concept of internal age distribu-
tion. He showed that the distribution functions for the age of
the entirety of the fluid still within a vessel are simply
related to the exit RTD functions and the mean residence
time. This internal age distribution is not spatially resolved.

Equations 1–3 are widely familiar to practitioners in the
chemical reactor engineering and mixing fields. Far less well
known is the fact, originally demonstrated by Danckwerts,8

that similar equations may be applied locally at any point in
the vessel, to use local tracer concentration measurements to
produce spatially resolved distribution functions. Thus, the

spatial age distribution functions ~f ðx; aÞ and ~Fðx; aÞ at posi-
tion x are given by

~F ¼
R a
0
Cðx; tÞdtR1

0
Cðx; tÞdt ¼

Za

0

~f dt (4)

~f ¼ Cðx; aÞR1
0

Cðx; tÞdt ¼
d ~F

da
(5)

Thus, ~f ðx; aÞ is the frequency distribution of the age of
molecules at the local point of interest. The fraction of mole-
cules at point x with age between a and aþda is ~f ðx; aÞda.

The mean age as a function of spatial position is a(x)

aðxÞ ¼
R1
0

tCðx; tÞdtR1
0

Cðx; tÞdt ¼
Z1
0

t~f dt (6)

For brevity, the field variable a(x) may be referred to as the
mean age distribution.

Care must be taken to appreciate different uses of the
word distribution. The function ~f ðx; aÞ is the probability den-
sity or frequency distribution function of the independent
variable age a at x. The spatial mean age distribution refers
to the spatial variation of the mean age a(x).

It is unfortunate that the concept of the spatial distribution
of mean age has remained in relative obscurity, because its
measurement or computation can provide considerable insight
into diagnosis and improvement of mixing conditions beyond
that inferred from RTD alone. A perfectly mixed stirred tank
will have a uniform spatial age distribution. Long feed plumes
of low age reveal slow dispersion of a reactor feed. Dead
zones can be identified as regions with age far greater than
their surroundings, often far greater than the mean residence
time. A dead zone is not necessarily a region of low velocity;
closed circulation zones with low rates of molecular or turbu-
lent diffusion across their boundaries will contain fluid of
large age. Without the solution of spatial age distribution,
even with detailed 3-D flow solutions from CFD, identifying
such dead zones is not trivial. Conventional ways of examin-
ing CFD velocity fields, such as planar velocity vector plots
and contour plots may lead to misinterpretation of closed cir-
culation loops as dead zones, when in fact there may be strong
exchange of fluid in the direction normal to the plane.

Just as physical and numerical tracer experiments can be
used to determine the residence time distribution, they may
also be employed to determine the local distribution func-
tions ~f ðx; aÞ and ~Fðx; aÞ, as well as the spatial mean age dis-
tribution a(x). These methods can be experimentally and
computationally challenging.

There have been a few reports on the use of a much sim-
pler method to determine the spatial distribution of the mean
age. These employ a steady transport equation for a(x).
Sandberg9 may have been the first to derive the transport
equation, following closely Spalding’s10 analysis. In fact,
Spalding was just one step short of writing the equation out
explicitly. This steady transport equation can be solved by
CFD after the steady flow solution is obtained. The solution
for mean age a(x) by the steady-transport equation is much
less computing intensive than that of transient tracer species or
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tracking large numbers of passive tracer particles. Baleo and le
Cloirec11 provided an example computation of a(x) in a turbu-
lent flow through a channel containing a series of sudden
expansions and contractions, and found excellent agreement
between their computations and experimental measurements.

In the next section, a derivation of the transport equation
for mean age following the approach of Spalding and Sand-
berg is shown. Furthermore, the theory is advanced by deriv-
ing transport equations for higher moments of the age distri-
bution. Thus, not only can the spatial variation of the mean
of the age be determined, but also the spatial variation of its
variance r2 (x) and higher moments. Indeed, by taking suffi-
cient moments, the entire frequency distribution ~f ðx; aÞ could
in principle be reconstructed. The relationship between the
moments of age and residence time distributions is also dis-
cussed. Next, the numerical solution to a test problem is
investigated, comparing solutions from mean age and
moment equations with those from the transient tracer equa-
tion, discussing insights about the spatial distribution of
mean age and higher moments, and showing numerical
results confirming the key assumptions made in derivations.
Finally, conclusions are presented in the last section.

Governing Equations for Mean Age
and Higher Moments

Mean age

The approach of Sandberg9 and Spalding10 is to follow. Con-
sider a pulse tracer injection, for a steady incompressible flow
through a closed system with one inlet and one outlet, for which
Eqs. 4–6 apply. The transport equation for the tracer species is

@C

@t
þr � ðvCÞ ¼ r � ðDrCÞ (7)

Here D is the molecular diffusivity. While Eq. 7 applies to
both steady and unsteady velocity fields, the analysis in this
article will be restricted to steady flows. In the case of steady
turbulent flows, Eq. 7 becomes the Reynolds averaged
equation, where v and C are the Reynolds averaged velocity
and concentration, and D is replaced by the effective turbulent
diffusivity, De ¼ Dt þ D. Typically, the turbulent diffusivity is
represented as the ratio of the turbulent momentum diffusivity,
or turbulent kinematic viscosity, used to solve the Reynolds
averaged momentum equation, to a Schmidt number of order
unity.

There must be wide separation between the turbulence-
and residence time scales to apply the tracer method to tur-
bulent flow. In the following equations, the laminar form
with only the molecular diffusion is used, but the results
directly transfer to steady Reynolds averaged turbulent flow
by using the turbulent effective diffusivity.

Multiplication of Eq. 7 by t and integration over time give

Z1
0

t
@C

@t
dtþ

Z1
0

r � ðtvCÞdt ¼
Z1
0

r �DrðtCÞdt (8)

where t, being independent of position, has been brought
inside the spatial derivatives. The first term on the lefthand
side may be integrated by parts.

Z1
0

t
@C

@t
dt ¼ tCj10 �

Z1
0

Cdt (9)

Spalding considered steady incompressible flow in a
closed system with one inlet and one outlet. He inferred that
the quantity

I �
Z1
0

Cdt (10)

is spatially invariant.
The first term on the righthand side of Eq. 9 will be zero

if tC is zero in the limit t ! 1. That is, C must go to zero
faster than t goes to infinity. The mean age
a ¼ R1

0
tCdt=

R1
0

Cdt ¼ R1
0

tCdt=I can exist only if tC ! 0
as t ! 1. That is, the numerator integral converges to a fi-
nite limit only if tC ! 0 as t ! 1. It has been observed
that C approaches zero exponentially in flows with both con-
vection and diffusion, so that not only tC, but also higher
powers tnC with n [ 1 also go to zero. This will ensure the
existence of higher moments of the age distribution which
are considered subsequently. This behavior is investigated
numerically in the next section.

With tCj10 ¼ 0, substitution of Eq. 9 into Eq. 8, and divi-
sion by I yields

� 1þr � v

R1
0

tCdtR1
0

Cdt

" #( )
¼ r � Dr

R1
0

tCdtR1
0

Cdt

" #( )
(11)

where the time invariance of v and D, and the spatial
invariance of I have been used. The quantity in square brackets
is the local mean age a by Eq. 6. Thus, the transport or
conservation equation for mean age is

r � ðvaÞ ¼ r � Draþ 1 (12)

For incompressible flow, this may also be written as

v � ra ¼ r � Draþ 1 (13)

Equation 12 is in the same conservative form as the
steady transport equations for momentum, energy and spe-
cies, and so can be solved with the same CFD solver. It
shows that the mean age is convected and diffused.

Boundary conditions are needed for Eq. 12. These may be
derived from the boundary conditions for the tracer concen-
tration. For fluid with tracer concentration Cin crossing the
inlet plane, where the concentration is C, at velocity vn, the
species boundary condition for an open inlet is Cin ¼ C �
(D/vn)qC/qxn, where xn is the normal coordinate in the flow
direction. For a closed inlet, where convection dominates
over diffusion (large Peclet number) the tracer concentration
is equal to the feed concentration, as noted by Danckwerts.4

For the pulse inlet Cin ¼ C ¼ 0, for t [ 0. By Eq. 6 the
mean age is then zero, as expected.

a ¼ 0; at inlet (14)
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On solid walls, the normal gradient of tracer concentration
is zero (the tracer cannot diffuse into the wall), so that
qC/qxn ¼ 0, and, therefore, by Eq. 6

n � ra ¼ @a

@xn
¼ 0; on solidwalls (15)

At the outlet, the Danckwerts zero normal gradient qC/qxn
¼ 0 boundary condition is generally applied to the species
conservation equation. This boundary condition renders dif-
fusion negligible compared to convection, giving a closed
boundary. By Eq. 6, the corresponding boundary condition
at the exit for the mean age is

n � ra ¼ @a

@xn
¼ 0; at outlet (16)

This boundary condition is consistent with the requirement
for closed boundaries upon which the tracer method is
dependent. As noted by Froment and Bischoff12 the influ-
ence of the exit boundary condition on equations of this type
is weak unless there is very strong diffusion (low Peclet
number, or low ratio of convection to diffusion) at the exit.

The equivalence of Eq. 12 and its boundary conditions to
those for the steady transport and reaction of a chemical spe-
cies absent from the feed, but produced by a constant rate
(zero-order) reaction may be recognized. Therefore, use of a
suitably defined chemical reaction is another way to obtain
the spatial distribution of mean age from a CFD code.

Volume integration of Eq. 12, after application of the
divergence theorem, yields the expected result that the mix-
ing cup (mass-flow weighted) mean age at the exit is the
system volume divided by the volumetric flow rate Q for
incompressible flow with closed inlets and outlets. Consider
a control volume V bounded by a surface with outward unit
normal n. The surface S is comprised of solid walls Sw, inlet
Si and outlet Se.

�ae ¼
R
Se
n � vadS
Q

¼ V

Q
þ

R
SwþSiþSe

Dn � radS

Q
(17)

With closed inlets and outlets, and zero normal gradient at
the wall, the second term on the righthand side vanishes,
giving ae ¼ V/Q.

Real flows will have diffusion or dispersion across the
inlet. The error in assuming a closed inlet should be negligi-
ble for convection dominated inlets as noted earlier. Based
on Spalding,10 the error in Eq. 17 remains small as long as
DS2i /(QV) � 1. This implies a large Peclet number based on
a characteristic length VSi. Spalding arrived at the same
result as Eq. 17 by analogy to the energy equation.

As noted previously, the preceding derivation could be
applied to Reynolds averaged steady turbulent flow, so that
Eq. 12 is replaced by its Reynolds averaged form

r � ðvaÞ ¼ r � mt
Sca

þ D

� �
ra

� �
þ 1 (18)

where mt is the turbulent momentum diffusivity, and Sca is the
turbulent Schmidt number for mean age. It is reasonable to set

Sca the same as that for turbulent species diffusion, since mean
age is determined by tracer diffusion. Typical turbulent
Schmidt number values range from 0.7 to 1.0.

Equation for particle age

An equation similar to Eq. 13 can be derived from a start-
ing point that does not rely on the chemical tracer method.
Material (fluid) particles are defined as fictitious particles
which move at the flow velocity v, the mass-averaged veloc-
ity of the molecules at the local position of the particle.
Unlike molecules, such particles do not diffuse. The rate of
change of any property of a material particle is given by the
substantial derivative. When the property is age, its rate of
change is unity. Therefore, letting ap denote the particle age,
which may be set to zero at the inlet to the flow domain

Dap
Dt

¼ @ap
@t

þ v � rap ¼ 1 (19)

The material particle has a deterministic age; it does not
have a frequency distribution with mean and higher
moments. Thus, the age appearing in Eq. 19 is the particle
age, not the mean age a. Jongen13 called ap the advective
age in studying age distribution in unsteady and enclosed
flow systems by adding source terms to Eq. 19. Equation 19
differs from Eq. 13 in three other important aspects. First, it
can be applied to unsteady flow. Second, it is not restricted
to incompressible flows. Third, it lacks a diffusion term.
This last difference has major consequences, as in the fol-
lowing discussion.

For steady incompressible flow, Eq. 19 becomes

v � rap ¼ r � ðvapÞ ¼ 1 (20)

Without a diffusion term, Eq. 20 is a first-order partial dif-
ferential equation, where the solution is propagated along
characteristic curves which are the streamlines of the flow.
Only one boundary condition may be applied along any
given streamline. It is natural to set the age equal to zero
where streamlines emanate from the inlet to the flow. Then,
no boundary condition may be applied where these stream-
lines reach the outlet. The zero normal gradient outlet condi-
tion applied to Eq. 13 is in fact contradictory to Eq. 20. The
behavior near walls merits discussion. For streamlines ema-
nating from the inlet plane and following close to a wall, in
the limit as the wall is approached, the velocity goes to zero
and the time required for the fluid particle to reach any
downstream position on the wall is infinite. Thus, the age on
the wall is infinite. This is no surprise, and is consistent for
example with the textbook solution for residence time distri-
bution for laminar flow without diffusion in a tube (see e.g.,
Middleman14). By writing Eq. 20 for a 2-D flow in terms of
tangential and normal components near the wall

vt
@ap
@xt

þ vn
@ap
@xn

¼ 1 (21)

where xt and xn are coordinates in the tangential and normal
directions, respectively, it can be seen that in the limit as the
wall is approached, both velocity components go to zero so
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that either qap/qxt or qap/qxn must be infinite. Starting from
any interior point in the flow where the age is finite, and
following a normal to the wall, infinite age is reached in a
finite distance. Therefore, the normal gradient of age must
become infinite.

Not all streamlines will intersect the inlet when com-
pletely separated flow regions occur. No material particles
enter or leave such zones, and age will not propagate into
them from the inlet. Finite solutions to Eqs. 19 and 20 do
not exist in regions with closed loop streamlines. Starting
with a finite age at any point on a closed streamline, the
increasing age along the streamline would produce a contra-
dictory age upon completing the loop back to the starting
point. Without diffusion, the age must diverge to infinity in
such regions. If diffusion were taken into account, such dead
zones would have large, but finite age. Without diffusion,
the mean age at the exit will be smaller due to the complete
bypassing of recirculation zones. Numerical solution of Eq.
20 will introduce numerical diffusion precluding infinite age,
but the age inside recirculation zones will still be unrealisti-
cally large when grid refinement results in numerical diffu-
sion which is less than molecular or turbulent diffusion.

Equation 20 is based on the same kinematic concept as
Lagrangian particle tracking, where Dxp/Dt ¼ v is solved along
particle paths. In this method, the same challenge of properly
defining boundary conditions on solid walls exits. Due to nu-
merical errors of finite resolution of the velocity field near the
wall, particles may hit the wall or even leave the flow domain.
Some numerical tricks, none of them physically correct, have
to be used to retain these particles in the flow domain. The nu-
merical errors introduced by these tricks may affect the statis-
tics of particle age distribution. These challenges of near wall
behavior are due to the assumption that particles are purely
convected without diffusion. Far from walls, diffusion may be
negligible compared to convection. However, near walls diffu-
sion becomes dominant due to the no-slip condition. Therefore,
the assumption of negligible diffusion breaks down near solid
walls, whether in the Eulerian frame of Eq. 20, or in the
Lagrangian frame of particle tracking.

CFD methods based on second-order conservation equa-
tions may be applied to Eq. 20 by setting the diffusivity to
zero. Numerical diffusion will render the age finite on walls
and in recirculation zones. Because they are based on sec-
ond-order equations, CFD codes require outlet and wall
boundary conditions, even though mathematically they are
not appropriate to the first-order equation. Fortunately, the
outlet boundary condition does not affect the upstream solu-
tion for the finite volume method used in this work in its
conservative form as long as the flow is convection domi-
nated at the outlet (large Peclet number), and the outlet is
chosen such that no backflow occurs.15

In a turbulent flow, the age of material particles occupying
a fixed point in space will fluctuate with time. Reynolds aver-
aging of Eq. 20 results in a transport equation for the Reyn-
olds averaged particle age, and a turbulent diffusion term
results from the covariance of velocity and age fluctuations.
For a steady incompressible turbulent flow, the result is

v � rap ¼ r � ðvapÞ ¼ r � mt
Scp

rap

� �
þ 1 (22)

This equation for particle age is of the same form as Eq.
13 for the mean age by the tracer method, except that it
lacks a molecular diffusion term because material particles
are not molecules. It may be useful to include molecular
diffusion in Eq. 22 in an ad hoc manner, producing a
transport equation for the mean molecular age instead of
material particle age. In most turbulent flows, molecular
diffusion is several orders of magnitude smaller than turbu-
lent diffusion. The addition of the molecular diffusion term
will not affect the solution for ap in the main flow but
may become important when the viscous sublayer at the
wall is to be resolved. With diffusion included, the same
wall and outlet boundary conditions used for Eq. 13 may
be applied to Eq. 22, and the age will remain finite. With
molecular diffusion terms included, Eq. 22 and its bound-
ary conditions are identical to Eq. 13 and its boundary con-
ditions, and ap becomes identical to, and is replaced by,
the mean molecular age a.

Higher moments of age

Mean age is the first moment of the tracer age distribution
function C(x,t)/I. Higher moments provide important addi-
tional information about the properties of the function. For
example, the second moment characterizes the spread of
C(x,t)/I, and the third moment describes the skewness.

The second moment about the origin is defined as

M2 ¼
R1
0

t2Cðx; tÞdtR1
0

Cðx; tÞdt (23)

The variance r2 is given by the second moment about the
mean age

r2 ¼
R1
0

ðt� aÞ2Cðx; tÞdtR1
0

Cðx; tÞdt ¼ M2 � a2 (24)

The coefficient of variation CoV is the square root of the
normalized variance. It is a measure of the breadth of the
distribution

CoV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � a2

a2

r
(25)

Higher moments are similarly defined. The n-th moment
about the origin is

Mn ¼
R1
0

tnCðx; tÞdtR1
0

Cðx; tÞdt (26)

All moments are functions of spatial position only.
Transport equations for moments can be derived in the

same way as the mean age transport equation, by multiply-
ing tracer concentration equation (Eq. 7) by tn and time inte-
grating. The equation for the second moment is.

r � ðvM2Þ ¼ r � ðDrM2Þ þ 2a (27)
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The equation for the n-th moment is

r � ðvMnÞ ¼ r � ðDrMnÞ þ nMn�1 (28)

Following the same steps as in deriving boundary condi-
tions for mean age, the same boundary conditions as Eqs.
14–16 for moments with Mn replacing a are obtained. In
deriving the moment equations, it is assumed that tnC ! 0
as t ! 1. As noted for the mean age, this behavior must be
obeyed not only for these transport equations to be correct,
but also for the moments themselves to exist. Numerical sol-
utions of the transient tracer response C reported later con-
firmed the validity of this assumption.

In principle, with the solutions of the equations for mean
age and higher moments, the distribution function of C(x,t)
can be fully described. Thus, the full frequency function
f̃ (x,a) and the RTD could be determined. Some of the meth-
ods for reconstructing a function from moments are discussed
by Diemer and Olson,16 Alopaeus et al.17 and John et al.18 For
most mixing applications, sufficient process understanding
may be gained without full determination of the frequency
distribution for age; a few lower moments should be suffi-
cient. For example, CoV is widely used in characterizing mix-
ing conditions in industrial mixing devices.

From Eqs. 12, 24 and 27 the governing equation for r2

can be obtained.

r � ðvr2Þ ¼ r � ðDrr2Þ þ 2DðraÞ2 (29)

It is interesting to notice the dissipation-like source term in
this equation. The non-negative source term causes the dissipa-
tion of an initial pulse. Without diffusion, the initial pulse would
remain a pulse as it is convected throughout the flow field.

Relationship between moments of age and
residence-time distributions

The mean residence time t for steady incompressible flow
with closed inlet and outlet is equal to V/Q. Equation 17,
derived from the age transport equation, showed that for the
same conditions, the mixing-cup mean age ae is also equal
to V/Q; thus, the mixing-cup mean exit age and the mean
residence time are identical. It is simple to show that this
equality follows from the definitions of t and ae, and that the
higher moments of residence time and mixing-cup exit age
are also identical. That is, tn ¼ Mn;e.

The mixing cup concentration at the exit is

CoutðtÞ ¼
R
Se
uCðx; tÞdAR

Se
Cðx; tÞdA ¼ 1

Q

Z
Se

uCðx; tÞdA (30)

where u is the velocity component normal to the exit surface.
The n-th moment of the residence time is

tn ¼
Z1
0

tnf ðtÞdt ¼
R1
0

tnCoutðtÞdtR1
0

CoutðtÞdt
¼

R1
0

tn
R
Se
uCðx; tÞdAdtR1

0

R
Se
uCðx; tÞdAdt

¼
R
Se
u
R1
0

tnCðx; tÞdt= R1
0

Cðx; tÞdt� �
dAR

Se
udA

¼
R
Se
uMndAR
Se
udA

¼ Mn;e

(31)

The spatial invariance of I ¼ R1
0

Cðx; tÞdt has been used
in Eq. 31. The mean residence time and mixing cup aver-
aged mean exit age (first moment), and all higher moment
pairs of residence time and exit age are identical. All the
moments of the RTD f curve (E-curve) can be computed
from the moment solutions evaluated at the exit.

CFD model and solution for a 2-D test flow system

A 2-D test problem was constructed to investigate the spa-
tial variation of mean age and higher moments using CFD.
The flow domain is of a common reactor style consisting of
four equal volume zones separated by baffles, as shown in
Figure 1. The choice of a 2-D flow rather than a 3-D flow
was made primarily due to the cost of computation. Very lit-
tle computational effort is needed to obtain the mean age
distribution, even for 3-D flows, once the steady-flow field
has been obtained. However, in this test problem, mean age
and higher moments computed from steady transport Eqs. 12
and 28 are compared with those from the far more comput-
ing intensive solutions of the transient tracer transport Eq. 7.
In order to track an initial pulse until the entire tracer leaves
the system, the unsteady solution needs to be carried out for
a time an order of magnitude longer than the mean residence
time. The required CPU time even for a 2-D flow is then not
trivial. The particular 2-D geometry was chosen to contain
features commonly found in more general 3-D flows, such as
an inlet jet, separation, dead zones and short-circuiting paths,
to show the power of the approach, and to develop insights
that should carry over into 3-D problems. For 3-D problems,
the solution of the mean age and higher moment transport
equations adds extremely small computational burden to that
required to generate the velocity field.

The reactor is 2.0 m in length by 0.7 m in height. The
inlet dimension is 0.071 m, and outlet is 0.1 m. Air is fed at
the inlet at a constant velocity of 20 m/s. The density of the
air is 1.225 kg/m3, and its viscosity is 1.8 � 10�5 kg/m-s.
For unit depth, the volume is 1.4679 m3, and the volumetric
flow rate is 1.4280 m3/s. This results in a mean residence
time V/Q ¼ 1.0279 s. The Reynolds number in the inlet is
about 105, and in the interior of the reactor is about 104

based on the width of the four zones as the length scale.
This puts the flow in the reactor in the turbulent regime. A

Figure 1. Geometry of the 2-D test reactor.

The marks are the locations of selected points for compari-
sons of numerical solutions listed in Table 1.
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standard k-e model was used for the turbulence. With such a
RANS (Reynolds-averaged Navier-Stokes) model, all small
and time-dependent scales in the flow are modeled with
large turbulent diffusivity. Thus, the resulting flow solution
has no small-scale structures, and it is not necessary to use a
fine mesh as typically used for large eddy simulation (LES),
or fully resolved direct numerical simulation (DNS) models
to resolve any small scales existing in typical turbulent
flows. The flow field was solved using the commercial CFD
code FluentTM, version 6.3. The total number of cells used
in the flow domain was just less than 6,000, all being quad
cells.

Velocity field solution

The velocity vector plot is shown in Figure 2. The solu-
tion clearly reveals the recirculation regions and the high
velocity path generated by the inlet jet. The jet decays as it
passes through the reactor due to strong turbulent dissipation.
There are two recirculation regions in the first zone of the
reactor. The remaining three zones each have only one recir-
culation region. The high-velocity path stays close to the
reactor walls after it passes the first baffle. In many respects
these dead zones and short-circuiting paths are typical mani-
festations of what might be perceived as poor designs for
mixing. However, as shall become clear, such interpretations
deduced from velocity vector plots may be invalid.

Solutions for mean age and higher moments

Mean age and higher moments were solved from Eqs. 12
and 28 with user-defined scalars in FluentTM. Since each
higher moment requires its previous lower moment as a
source term, the moments were solved sequentially, starting
from the mean age. The turbulent Schmidt number for age
Sca, was set to unity. Since the governing equations are lin-
ear, the solution process is extremely fast. The CPU time

spent on each solution was only about 1 min, compared with
many hours for a time-dependent solution of the tracer spe-
cies conservation equation (Eq. 7).

A contour plot of mean age is presented in Figure 3. As
expected, the plot clearly shows the size and location of
dead zones. Inside dead zones, mean age is large. The short
circuiting path is easily distinguishable with smaller mean
age. In practice, knowledge of the spatial mean age distribu-
tion, in comparison with characteristic time scales for desired
reactions and undesired side reactions, may prove much more
useful for assessing reactor performance than the velocity vec-
tor plot in Figure 2. The mixing cup averaged mean age at
the exit is ae ¼ 1.0279 s, identical to four digits beyond the
decimal point to the mean residence time calculated from V/
Q. At the center of the ‘‘dead’’ zone in zone 4, the maximum
mean age is 1.18 s, only 15% greater than t. Due to high rates
of turbulent diffusion between the short-circuiting paths and
the dead zones, the variation in age, particularly in the fourth
zone, is rather small. The recirculation zones, or ‘‘dead
zones’’, are not so dead after all. At the center of the fourth
recirculation ‘‘dead’’ zone, the turbulent diffusivity is about
0.1225 m2/s, about four orders of magnitude greater than the
molecular diffusivity. With this strong diffusion, scalars are
diffused into and out of the recirculation zones across the
streamlines at very high rates. The maximum value of mean
age occurs not at the exit but at the center of the last recircu-
lation zone. This possibly counterintuitive behavior is the
result of mixing of young and old molecules on their way to
the exit. Individual molecules diffusing out of the recircula-
tion zone do not become younger as they flow to the exit;
they simply mix with younger ones. When interpreting mean
age solutions, it is always important to remember that a(x) is
the mean age of molecules of different ages occupying the
same point x, not the age of a single molecule.

The ability to show exact sizes and positions of dead
zones and short circuiting paths inside the reactor makes the

Figure 2. Velocity vector plot of the steady-flow solution in the test reactor.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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mean age method a powerful tool to analyze mixing condi-
tions. By comparison, the (exit) RTD reveals no information
about the spatial variation of conditions inside the reactor.

Higher moments up to the fifth were also computed and

their spatial distribution patterns were found to be the same

as that of mean age but with higher values. The distribution

of the normalized variance (CoV)2 ¼ r2/a2 was found to be

very different. Figure 4 shows the contour plot of normalized

variance. Perhaps counterintuitively, the variance is much

greater on the short circuiting path than in the dead zones.

In fact, it is the greatest in the shear layers of the initial jet.

Further insight into this behavior was obtained from the

solution of the transient tracer species equation.

Solution of the time-dependent tracer
conservation equation

In order to validate the steady transport Eqs. 12 and 28
against the full transient tracer species solution method,
based on Eqs. 4 and 7, and to gain more insight on how
mean age can be used to analyze the mixing process inside
the reactor, numerical solutions by the two methods were
compared. For the transient tracer simulation, a constant
time step of 0.0002 s was employed. A pulse of pure tracer
(mass fraction unity) was supplied at the inlet for a very
short period of time, equal to 50 time steps or 0.01 s. The
spatial invariant evaluated at the inlet is thus
I=q ¼ R1

0
Cdt=q ¼ 0:01 s. This value can be used to check

Figure 3. Contour plot of mean age.

Figure 4. Contour plot of (CoV)2.

2568 DOI 10.1002/aic Published on behalf of the AIChE October 2010 Vol. 56, No. 10 AIChE Journal



the accuracy of the numerical solution. The integral I/q at
any position should have a value close to 0.01 s. Equation 7
was solved using a second-order implicit time integration
scheme. For an implicit scheme, the solver is unconditionally
stable for any value of the CFL number, which is defined as
uDt/Dx, where u is the velocity magnitude, Dt is the time
step, and Dx is the grid spacing. However, small CFL is crit-
ical to the accurate time-dependent solution for C(x,t). For
the time-step size of 0.0002 s, the mesh CFL number is
around 0.3 in the inlet and much smaller in the interior of
the reactor. The total physical time of the solution was 12 s,
or 60,000 time steps. Using one processor of a Dell Linux
workstation (Precision 490 with Xeon chip), the total CPU
time was about 8 h to solve the tracer equation after the
velocity field was obtained. Time histories of strategically
selected locations were recorded for post processing. Twelve
points were selected as shown in Figure 1. The points are
spread out in all four zones and placed in the short circuiting
paths, the dead zones, and the opposite corners from the
short circuiting paths. The time history data were then proc-
essed with a user-written code outside of FluentTM.

Table 1 lists some statistics at the 12 points. The second
column shows the mean age at, s computed from the transient
tracer simulation. The third column shows the mean age a
computed from the steady transport (Eq. 12). The maximum
difference is 2% and most agree to within less than 1%. This
is a clear indication that the numerical solutions of both meth-
ods are accurate. The second moments about the origin from
the two methods are listed in the next two columns. Slightly
larger differences are noticed, but all are still within 3%. The
third moments are listed in the sixth and seventh columns.
Again, the agreement is still very good, but the differences
increase with increasing moment. At some points, it is more
than 10%. The spatial invariant I is listed in the last column.
All the values are within 2% of 0.01, confirming its spatial
invariance and the accuracy of the solutions.

Figure 5 shows three C-curves at points 3, 4, and 5, all in
Zone 2. Each of the three points represents a different region
of flow. Point 5 is on the short circuiting path, Point 4 is
near the center of the dead zone, and Point 3 is in the recir-
culation zone but far away from dead center and the short
circuiting path. The mean age is also shown. As can be
seen, the mean age occurs well after the peak. The most
unexpected one is at Point 5, shown in Figure 5c where the
mean age is far away from peak and on the long tail. The
peak is at about t ¼ 0.075 s, which is the time the main

pulse arrives. The mean age is a ¼ 0.3558 s, which is 4.7
times the peak age. The mean ages at Points 3 and 4 are
also quite far from their peaks as shown in Figure 5a and
5b. The ratios of mean age to peak age are 4.2 and 3.2,
respectively. The large ratio of mean age to peak age is the
result of the long tail. One might expect a long tail when
diffusion dominates the transport of the scalar but not when
convection is dominant, such as at Point 5. The result at
Point 5 shows that even when convection is dominant, diffu-
sion from nearby recirculation zones can also contribute to
the development of a long tail.

To further characterize the scalar concentration curves,
CoV and skewness Sk ¼ k1/3 were computed. At Point
5, CoV ¼ 1.674, at Point 4, CoV ¼ 0.6981, and at Point 3,
CoV ¼ 0.8746. Thus, C is more spread out in the convection
dominated region than in the diffusion dominated region. It
is the long tail that gives this unexpected behavior. Skewness
about mean age is defined as the one third-power of

kðxÞ ¼
R1
0

ðt� aÞ3Cðx; tÞdt
a3

(32)

Skewness is a measure of asymmetry of the distribution.
Positive skewness indicates that the long-age tail is larger
than the small-age tail. Large positive skewness values were
obtained at all the test points, due to the long tails. At Point
5, Sk ¼ 2.56, at Point 4, Sk ¼ 0.98, and at Point 3, Sk ¼
1.12, indicating the peak is far left of the mean value.
Danckwerts8 was concerned with the uncertainty in the
determination of mean residence time caused by the diffi-
culty in measuring long tails, and suggested using the
median residence time t1/2 defined by

I ¼ 2

Zt1=2
0

CoutðtÞdt (33)

At any local point in the flow field, the median age a1/2
may be similarly defined by

I ¼ 2

Za1=2
0

Cðx; tÞdt (34)

Half of the total molecules passing through x have age
less than the median. For some purposes, the median age

Table 1. Comparisons of Transient Tracer Simulations and Moment Transport Equation Results

P(x,y) at, s a, s t2, s2 M2, s
2 t3, s3 M3, s

3 (I/q) � 102 s

P1(0.07,0.09) 0.8643 0.8679 1.4758 1.5176 3.6765 3.9702 1.0141
P2(0.27,0.22) 1.0001 1.0110 1.7398 1.8032 4.3373 4.7334 1.0169
P3(0.6,0.6) 0.8582 0.8658 1.2844 1.3153 2.8183 2.9185 1.0013
P4(0.72,0.32) 0.9821 0.9900 1.5188 1.5542 3.3433 3.4185 1.0022
P5(0.89,0.12) 0.3487 0.3558 0.4544 0.4655 1.0371 1.1454 0.9848
P6(1.13,0.1) 0.9649 0.9659 1.5262 1.5489 3.4789 3.6859 0.9974
P7(0.2,0.03) 1.0444 1.0482 1.6905 1.7210 3.8681 4.0585 0.9967
P8(1.43,0.62) 0.6095 0.6160 0.8472 0.8680 1.8888 2.0572 0.9995
P9(1.6,0.6) 1.1076 1.1119 1.8626 1.8984 4.3387 4.5791 0.9984
P10(1.69,0.38) 1.1690 1.1748 2.0062 2.0475 4.7004 4.9368 0.9982
P11(1.92,0.09) 0.8562 0.8649 1.3105 1.3478 2.9764 3.2453 0.9986
P12(1.8,0.7) 0.9823 0.9903 1.5749 1.6139 3.6183 3.8793 0.9990
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may be preferable to the mean age as a representation of the
average age. The median age is also plotted in Figure 5. For
all three curves, the median age comes closer to the peak
age than does the mean age.

In deriving Eqs. 12 and 28, it has been assumed that tnC
! 0 as t ! 1, with an expectation that C decreases expo-
nentially at long time. Figure 6a shows the results of numeri-
cal tests of this assumption. Four curves of tnC with n up to
4 calculated at point 4 are shown. The curves confirm the

assumed behavior. Figure 6b shows the C-curve from Figure
5c, but in semilog scale. Also shown in this figure is the
E-curve at the exit. It can be seen clearly that these curves
have exponential tails.

Figure 5. (a) Time history of tracer concentration at point
3. a 5 0.8658 s, and a1=2 5 0.6323 s. (b) Time his-
tory of tracer concentration at point 4. a 5
0.9900 s, and a1=2 5 0.7645 s. (c) Time history of
tracer concentration at point 5. a 5 0.3558 s,
a1=2 5 0.0863 s.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 6. (a) tnC as functions of time at point 4. n 5 1,
2, 3, 4. All tnC decay exponentially after
reaching peak value. (b) Semilog plots of
concentration at point 5 and E-curve showing
exponential tails.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 7. E-curve at the exit, computed according to
Eqs. 1 and 30.

t1/2 ¼ 0.7865 s. Mean residence time t1/2 ¼ 1.0266 s. [Color
figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]
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The E-curve or frequency distribution f computed by
Eq. 1 from the tracer transient species balance is shown in
Figure 7. Also shown in the figure is the mean residence
time t ¼ 1.0266, computed from Eq. 3. This is very close to
V/Q ¼ 1.0279 s.

The mean residence time from Eq. 3 should be close to V/Q
as long as the solution has been carried out for long enough
time for all the material in the pulse to exit. The numerical
results show that at t ¼ 2t, the computed mean residence time
is within 10% of t; at t ¼ 4t, it is within 4%; at t ¼ 6t, it is
within 1%. For higher moments, the waiting time needs to be
longer, because the error caused by cutting the E-curve tail too
early is greater due to the magnifying effect of tn and the shift
of the peak of the tnf curve, as shown in Figure 6a. For exam-
ple, the error from M3;e for the third moment t3 at t ¼ 2t is
71%; at t ¼ 4t it is 25%; and at t ¼ 6t it is 5.6%. Moments up
to the fifth were computed from the E-curve and compared
with mass averaged exit values computed from Eq. 28. Excel-
lent agreement was obtained: t2 ¼ 1.6925 s2,M2;e ¼ 1.6901 s2,
t3 ¼ 4.0846 s3, M3;e ¼ 4.0666 s3, t4 ¼ 13.2324 s4, M4;e ¼
13.1321 s4, and t5 ¼ 54.2306 s5,M5;e ¼ 53.7661 s5.

It may seem natural to assume a direct relationship
between the spatial distribution of mean age a(x) at the exit
and the residence time distribution E(t) or f(t). That is, one
might form a mass-weighted distribution function from the
spatial variation of the mean age across the exit plane, such
as the previously cited example for the residence-time distri-
bution computed for the parabolic laminar velocity profile in
a tube. The distribution so obtained is equal to the residence
time distribution only when there is no diffusion. Since the
local mean age is an averaged quantity, its mass-flow
weighted spatial distribution at the exit may be much nar-
rower than the E-curve. In the current numerical example,
the range of mean age across the exit plane is very narrow,
from 1.0268 to 1.0321 s. By comparison, the computed resi-
dence-time distribution as shown in Figure 7 is much
broader, ranging from about 0.25 s to beyond 5 s.

Conclusions

A complete set of conservation (transport) equations and
boundary conditions for spatial mean age and higher moments
has been derived for steady laminar flows and steady Reyn-
olds averaged turbulent flows. These equations can be solved
sequentially from a known velocity field. Compared with the
solution of the time-dependent conservation equation for
tracer species transport, this set of equations can be solved at
only a small fraction of the computing effort. For the 2-D test
problem, it took 8 h to obtain the solution for the transient
tracer concentration, but only about 1 min of computation
time for each moment from the steady transport equations.

A significant advantage of the spatial mean age is that it
clearly shows the dead zones and short circuiting paths
inside a vessel. The sizes and locations of such zones can
easily be obtained by post processing of the solution. By
contrast, in the traditional use of residence time distribution,
where probability function information is obtained from data
only at the vessel exit, the existence of such zones can only
be inferred or guessed from the shape of the RTD. The RTD
contains no information about the spatial locations of such
flow features. These differences make it important to dispel

confusion resulting from variations in terminology and
description of age and residence time in the literature. Often
these terms are used interchangeably. In this article, the con-
vention explained and followed is that residence time refers
to the exit plane, and is based on the transient tracer concen-
tration mixing-cup averaged across the exit plane, while age
is a spatially varying distribution function which exists at
any point within the vessel.

It has been shown that the mass-flow weighted average of
the mean age at the exit is equal to the mean residence time.
The same is true for all the higher moments. All moments
of the residence time distribution can be computed by solv-
ing the steady moment transport equations, as a computa-
tionally inexpensive alternative to the computationally inten-
sive solution of the transient tracer species conservation
equation. The latter becomes especially expensive for the
higher moments, where it was found that longer real times
must be simulated to obtain accurate solutions.

The RTD is a probability or frequency distribution provid-
ing no spatial resolution. The solution of the transport equa-
tion for mean age and higher moments provides only the
spatial dependence of moments of the frequency distribution,
and not the age frequency distribution itself. To obtain the
spatially dependent frequency functions, the transient tracer
concentration equations must be solved. When this must be
done, it is useful to compute moments from the transient
tracer response, and compare them to moments computed
from the steady transport equations. This provides a way to
check that sufficiently small time steps, and sufficiently long
real times, have been used in the transient solution.

A 2-D test problem revealed further insights regarding the
mean age and higher moment distributions in a steady Reyn-
olds-averaged turbulent flow.
• Short-circuiting paths and relatively dead zones indi-

cated by velocity vector results were examined for mean age
and higher moments. The mean age of fluid in the apparently
dead zones was mostly within tens of percentage points of
the mean age in the adjacent short-circuiting advection
dominated zones, indicative of substantial turbulent exchange
between zones. Thus, the categorization of low-velocity
recirculation zones as ‘‘dead’’ based on examination of the
velocity field alone would be a mischaracterization.
• As indicated by CoV computed from the second moment,

the frequency distribution of age is broad both in the diffusion
dominated recirculation zones and in the advection dominated
short-circuiting paths. Diffusion between the zones broadened
the distribution in the short-circuiting paths. The CoV in the
short-circuiting zones was larger than in the recirculation
zones, due to this exchange, which produced very long tails in
the short-circuiting zone frequency distributions.
• The distributions were significantly skewed in both zone

types, with the mean age located on the long tail. The mean
age was much larger than the median age.
• The maximum value of mean age did not occur on the

exit plane, but rather in one of the recirculation zones.
• The assumption in the derivation of moment equation

that tnCðx; tÞ ! 0 as t ! 1, which is a necessary condition
for the existence of n-th moment, was numerically con-
firmed. The numerical results clearly show the exponential
decay of C. The spatial invariance of I ¼ R1

0
Cdt was also

confirmed numerically.
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